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1 Introduction
Kohnen-Ono [7] weight
, 5 $p$ ,
$\#\{D\in S(X)|0<D,$ $p \{h(\mathbb{Q}(\sqrt{-D}))\}\gg_{p}\frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$
. $h$ (K) $K$ ,
$S(X)$ $:=$ { $D\in \mathbb{Z}||$D$|<X,$ $D\mathrm{F}\mathrm{h}$ square-free}
.
Byeon [1] Kohnen-Ono ,
$\#\{D\in S(X)|0<D, \lambda_{p}(\mathbb{Q}(\sqrt{-D}))=0\}\gg_{p}\frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$
. $\lambda_{p}$ (k) $k$ $\mathbb{Z}_{p}$- \lambda - .
Byeon . $E$ Weierstrass
$E$ : $y^{2}=x^{3}+ax+b$ $(a, b\in \mathbb{Z})$
$\mathbb{Q}$ , square-free $D\neq 0$ $E_{D}$
$E_{D}$ : $y^{2}=x^{3}+aD^{2}x+bD^{3}$
. E $E$ $D$ quadratic twist .
Kohnen-Ono [7] James-Ono [5] , $p$
$\#$ { $D\in S(X)|$ rank $E_{D}(\mathbb{Q})=0,$ $\#\coprod \mathrm{I}(E_{D}/\mathbb{Q})_{p}=1$ } $\gg E,p\frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$





1J $E$ . $1+p-\#\tilde{E}(\mathrm{F}_{p})\not\in$ $\{- 1,0, +1\}$
$p$
$\#\{D\in S(X)|\lambda_{E_{D}}^{\mathrm{a}\mathrm{n}\mathrm{a}}(_{p}=\mu_{E_{D}}^{\mathrm{a}\mathrm{n}\mathrm{a}}\}_{p}=0\}\gg_{E,p}\frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$
. $\lambda_{E,p}^{\mathrm{a}\mathrm{n}\mathrm{a}1},$ $\mu_{E,p}^{\mathrm{a}\mathrm{n}\mathrm{a}1}$ $E$ $p$ $L$
L2 Kato Kolyvagin , $\lambda_{E_{D},p}^{\mathrm{a}\mathrm{n}\mathrm{a}1}=\mu_{E_{D},p}^{\mathrm{a}\mathrm{n}\mathrm{a}1}=0$ $\lambda_{E_{D},p}^{\mathrm{a}1\mathrm{g}\mathrm{a}}=\mu_{E_{D,\mathrm{P}}}=$
$0$ , $\lambda_{E,p^{f}}^{\mathrm{a}}\mu_{E,p}^{\mathrm{a}}$ $E$ Selmer
. , $E$ Selmer $E$
$p$ $L$ ,
.
L3 $E$ $p$ supersingular reduction Kobayashi $(\pm)$ Selmer




$E$ $K$ . Sel(E/K) $E/K$ Selmer
. $p$ $E$ $p$ good ordinary reduction . ,
$\mathbb{Q}_{\infty}/\mathbb{Q}$ $\mathbb{Q}$ $\mathbb{Z}_{p}$- , $\Gamma=\mathrm{G}\mathrm{a}1(\mathbb{Q}_{\infty}/\mathbb{Q})\cong \mathbb{Z}_{p}$ $\mathrm{A}=\mathbb{Z}_{p}[[\Gamma]]\cong \mathbb{Z}_{p}[[T]]$
, Sel(E/Q\infty ) $\Gamma$-module , $p$-primary subgroup $\mathrm{S}\mathrm{e}1(E/\mathbb{Q}_{\infty})_{p}$
$\Lambda$-module .
$X_{E}(\mathbb{Q}_{\infty})=\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{S}\mathrm{e}1(E/\mathbb{Q}_{\infty})_{p}, \mathbb{Q}_{p}/\mathbb{Z}_{p})$
$X_{E}(\mathbb{Q}_{\infty})$ torsion $\Lambda$-module .
A-module
$X_{E}( \mathbb{Q}_{\infty})\sim(\bigoplus_{i=1}^{n}\Lambda/(f_{i}(T)^{a}\cdot.))\oplus(\bigoplus_{j=1}^{m}\cdot\Lambda/(p^{\mu_{j}}))$
. $f_{:}$ distinguished $a_{\dot{\iota}}$ , \mu j
. $E$ Selmer





. $E$ $p$ $L$ . ,
$\overline{\mathbb{Q}}\llcornerarrow\overline{\mathbb{Q}}_{p}$ fix .
$L(E, s)= \sum_{n=1}^{\infty}\frac{a(n)}{n^{s}}$
$E$ Hasse-Weil $L$ $\alpha_{p},$ $\beta_{p}$ $\alpha_{p}\beta_{p}=p,$ $\alpha_{p}+\beta_{p}=a$ (p) .
$\alpha_{p}$ $p$ .
2.1(Mazur, Swinnerton-Dyer [10]) $F_{E,p}(T)\in \mathrm{Q}[[T]]$
.
(i) FE p(0) $=(1-\alpha_{p}^{-1})^{2}L(E/\mathbb{Q}, 1)/\Omega_{E}$ .
(ii) conductor $p^{n}$ $\rho$ : $\mathrm{G}\mathrm{a}1(\mathbb{Q}_{\infty}/\mathbb{Q})arrow\overline{\mathbb{Q}}_{p}$ ,
$F_{E,p}(\zeta-1)=\tau(\rho^{-1})\beta_{p}^{m}$L(E/$\mathbb{Q}$ , $\rho$ , $1$ )/ $\Omega_{E}$
.
$\zeta$ 1 $p^{n-1}$ , $\tau$ Gauss , $\Omega_{E}$ $E$ , $L(E/\mathbb{Q}, \rho, s)$
$L(E/\mathbb{Q}, s)$ $\rho$ twist .
$p$ Weierstrass , $F_{E,p}$ (T)
$F_{E,p}(T)=p^{\mu}u(T)f(T)$
. $\mu$ , $u$ (T) A
$f$ (T) distinguished . $E$ $p$ $L$
$\lambda$r1 $=$ $\deg(f(T))$ ,
$\mu_{E}^{\mathrm{a}\mathrm{n}}$,w $=$ $\mu$








, $E$ Rubin [12]
.
2.3






3.1 (OnO-Skinner [11]) $E/\mathbb{Q}$ conductor $M$ , $\delta\in\{\pm 1\}$
$L$ (E, $s$) $= \sum_{n=1}^{\infty}a$(n) $n^{-s}$ . $(\mathrm{i}),(\mathrm{i}\mathrm{i}),(\mathrm{i}\mathrm{i}\mathrm{i})$
$N,$ $\mathrm{m}\mathrm{o}\mathrm{d} N$ Dirichlet $\chi_{f}$ $\Omega(\neq 0)$ 0 eigenform
$g(z)= \sum_{n=1}^{\infty}b(n)q^{n}\in S_{3/2}(N, \chi)$
.
(i) $4M|N$ .





$\mathrm{i}$f $(D, N)=1$ ,
otherwise
( $\epsilon_{D}$ $b$ (n) $\mathbb{Q}$ ).
65
$D$ $\delta D>0$ $(D, N)=1$ , $p$
$|L$ (ED, $1$ ) $/\Omega_{E_{D}}|_{p}=|b$( |D|)2|p ( $|$ $|$p $p$ ).
, $|b(D)|_{p}=0$ $D$
. .
3.2(Sturm [15], Theorem 1)
$f(z)= \sum_{n=1}^{\infty}a(n)q^{n}\in M_{k}(N, \chi)$
( ) weight , Fourier $a$ (m)
$K$ . , $K$ $v$
$\mathrm{o}\mathrm{r}\mathrm{d}_{v}(f)=\{$
+00 if $a(n)\equiv 0$ $\mathrm{m}\mathrm{o}\mathrm{d} v$ for all $n$ ,
$\mathrm{m}\mathrm{i}$n{n $|$ $a(n)\not\equiv 0$ $\mathrm{m}\mathrm{o}\mathrm{d} v$ } otherwise
,
$\lambda=\frac{k}{12}[\Gamma_{0}(1) : \Gamma_{0}(N)]=\frac{kN}{12}\prod_{p|N}\frac{p+1}{p}$
. $\mathrm{o}\mathrm{r}\mathrm{d}_{v}(f)>\lambda$ $\mathrm{r}\mathrm{d}_{\mathrm{v}}$ $(f)$ =+ .
.
3.3(Shimura[14])
$f(z)= \sum_{n=1}^{\infty}a(n)q^{n}\in S_{k+1/2}(N, \chi)$
weight cusp form $l$ . $(U_{l}f)(z)$ $(V_{l}f)$ (z)
$(U_{l}f)(z)$ $=$ $\sum_{n=1}^{\infty}u_{l}(n)q^{n}=\sum_{n=1}^{\infty}a(ln)q^{n}$ ,
$(V_{l}f)(z)$ $=$ $\sum_{n=1}^{\infty}v$l $(n)q^{n}= \sum_{n=1}^{\infty}a(n)q^{ln}$
,
$(U_{l}f)(z)$ $\in$ $S_{k+1/2}(Nl, \chi(^{\underline{4l}}))$ ,






4.1 $E/\mathbb{Q}$ , $L$ (E, $s$ ) $= \sum_{n=1}^{\infty}a$ (n) $n^{-s}$ $L$ ,
$f(z)= \sum_{n=1}^{\infty}a(n)q^{n}$
. ,
$g(z)= \sum_{n=1}^{\infty}b(n)q^{n}\in S_{3/2}(N, \chi)$
3.1 eigenform . $E$ 2 $K$
, $p$ 3 . D0 $(D_{0}, N)=1$ ,
$\epsilon=(\frac{D_{0}}{p})\neq 0$ $|b(|D_{0}|)|_{p}=1$
$\#$ { $0<D \in S(X)|(\frac{D}{p})=\epsilon,$ $|$b(D) $|_{p}=1$ } $>>_{E,p} \frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$
.
$b_{0}(n)=\{$
$b$(n)if(n, $Np$) $=1$ and $( \frac{n}{p})=\epsilon$ ,
0 otherwise
$g_{0}(z)= \sum_{n=1}^{\infty}b_{0}(n)q^{n}\in S_{3/2}(N^{2}p, \chi’)$
, $E$ $K$ , $l\equiv 3\mathrm{m}$od4, (l, $N$) $=1$
$( \frac{\Delta_{K}}{l})=-1$ $l$ $a(l)=0$ $\dot{\text{ }}$ ( \Delta K $K$
). $l$ , Hecke $T$ ( l2)
$b$ (l2 $n$) $+ \chi’(l)(\frac{-n}{l})$ $b(n)+\chi^{\prime 2}$ (l) $lb(n/l^{2})=0$
. $(r, t)=1,4$ |t, $r\equiv 3\mathrm{m}$od4 $r,$ $t$
$\# T$(r, $t,$ $X$ ) $:=\#$ { $l$ [ $|l\leq X,$ $a(l)=0,$ $l$ \equiv r $\mathrm{m}\mathrm{o}\mathrm{d} t$} $\gg_{E}\frac{d\mathrm{Y}}{1\mathrm{o}\mathrm{g}X}$
87
, $l\in T$(r, $t$ ) $:=$ { $l:$ $|a(l)=0,$ $l$ \equiv r $\mathrm{m}\mathrm{o}\mathrm{d} t$}
$b(l^{2}n)=\chi’$ (l) $( \frac{n}{l})b(n)-\chi^{\prime 2}(l)lb(n/l^{2})$ (4.1)
.
$\kappa=[’ 0(1) : \Gamma_{0}(Np)2]/8+1$ , $(r_{0}, t_{0})$ .
(1) $Np|2t_{0},$ (r0, $t_{0}$ ) $=1,$ $\chi’(r_{0})=1$ $r_{0}\equiv 3\mathrm{m}$od4
(2 $\equiv r_{0}$ mod $t_{0}$ $l$ , $( \frac{n}{l})=1$ $1\leq n\leq\kappa,$ (n, $Np^{2}$ ) $=1$
.
(3) $l\equiv r_{0}\mathrm{m}$od $t_{0}$ $l$ { , $( \frac{\triangle_{K}}{l})=-1$ .
(4) $l\equiv r_{0}\mathrm{m}$od $t_{0}$ $l$ , $| \chi’(l^{2})l-\chi’(l)(\frac{D_{0}}{l})|_{p}=1$ .
$l\in T$(r0, $t_{0}$ ) , $1\leq n\leq\kappa$
$u_{l}(ln)=b_{0}(l^{2}n)= \chi’(l)(\frac{n}{l})b_{0}(n)-l^{\prime 2}\chi(l)b_{0}(n/l^{2})=\chi$ ’(l)b0 $(n)=v\iota(ln)$
, (4.1) ,
$v_{l}$ ( $l^{3}|$D$0|$ ) $=b_{0}(l^{2}|D_{0}|)=\chi’$ (l) $( \frac{D_{0}}{l})b_{0}(|D_{0}|)$ ,
$u_{l}(l^{3}|D_{0}|)=b_{0}(l^{4}|D_{0}|)=-l\chi’$ (l2)b$\mathrm{o}(|D_{0}|)$
. $(r_{0}, t_{0})$ ,
$u_{l}(l^{3}|D_{0}|)-\chi’(l)v_{l}$ ( $l^{3}|$D$0|$ ) $=( \chi’(l^{2})l-\chi’(l)(\frac{D_{0}}{l}))$ b$0(|D_{0}|)\not\equiv 0$ $\mathrm{m}\mathrm{o}\mathrm{d} p$
$\mathrm{o}\mathrm{r}\mathrm{d}_{p}$ ( $U_{l}g_{0}-\chi(\prime l)$ X4 $g_{0}$ ) $<+00$
. 3.2 3.3 , $n_{l}$
$1\leq n\iota\leq[\Gamma_{0}(1) : \Gamma_{0}(Npl2)]/8=\kappa(l+1),$ $(n_{l}, l)=1$
$b_{0}(n_{l}l)=u_{l}(n_{l})\not\equiv\chi’$ (l)v$\iota(n_{l})=0$ $\mathrm{m}\mathrm{o}\mathrm{d} p$




$\# T(r_{0}, t_{0}, X)\gg_{E}X/\log X$
, . $\square$
, .
4.2 4.1 notation $E$ , $p$ 3
$E$ $p$ Galois Galois
$\rho_{E,p}$ : $\mathrm{G}\mathrm{a}\mathrm{l}(\overline{\mathbb{Q}}/\mathbb{Q})arrow \mathrm{A}\mathrm{u}\mathrm{t}(E[p])\cong \mathrm{G}\mathrm{L}_{2}(\mathbb{Z}/p\mathbb{Z})$
. D0 $(D_{0}, N)=1,$ $\epsilon=(\frac{D_{0}}{p})\neq 0$
$|b(|D_{0}|)|_{p}=1$
$\#$ { $0<D \in S(X)|(\frac{D}{p})=\epsilon$ , $|$b(D$)|_{p}=1$ } $\gg_{E}$,p $\frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$
.
. $l$ $a(l)\equiv 0\mathrm{m}$od $p$
$\ovalbox{\tt\small REJECT}$
Hecke $T$ (l2)
$b(l^{2}n)+ \chi’(l)(\frac{-n}{l})b(n)+\chi^{\prime 2}(l)lb(n/l^{2})\equiv 0$ $\mathrm{m}\mathrm{o}\mathrm{d} p$
. 4.1 , $n_{l}$




$\rho$E,$p$ : $\mathrm{G}\mathrm{a}\mathrm{l}(\overline{\mathbb{Q}}/\mathbb{Q})arrow \mathrm{A}\mathrm{u}\mathrm{t}(E[p])\cong \mathrm{G}\mathrm{L}_{2}(\mathbb{Z}/p\mathbb{Z})$
Chebotarev





4.3 $E/\mathbb{Q}$ , $L$
$L(E, s)= \sum_{n=1}^{\infty}\frac{a(n)}{n^{s}}$
. $a(p)\not\in$ $\{- 1,0, +1\}$ $p$
$\#\{D\in S(X)|$ p{ $D,$ $|(1-( \frac{D}{p})\alpha_{p}^{-1}$ ) $2$ L(E$D$ / $\mathbb{Q}$, $1)$ /$\Omega_{E}|_{p}=1$ } $\gg E,p\frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$
.
$a(p)\not\in$ $\{- 1,0, +1\}$ $\alpha_{p}\equiv a$ (p) $\mathrm{m}\mathrm{o}\mathrm{d} p$ , $1-\alpha_{p}^{-1}$ 1+ $\alpha_{p}^{-1}$ r
. ,
$f(z)= \sum_{n=1}^{\infty}a(n)q^{n}\in S_{2}(N, 1)$
$g(z)= \sum_{n=1}^{\infty}(n)q^{n}\in S_{\frac{3}{2}}(N, \chi)$
3.1 . $E$ $E$ quadratic twist
, $L$ (E, $s$ ) $+1$ .
Friedberg-Hoffstein[3] , D0 $(D_{0}, N)=1$ $b_{0}(|D_{0}|)$ $\neq 0$
. , $p$ $|b_{0}(|D_{0}|)|_{p}=1$
. $E$ , 4.1
$\#$ { $D \in S(X)|(\frac{D}{p})=\epsilon,$ $|$ b(D) $|_{p}=1$ } $\gg\frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$
, $E$ Serre [13] , $p$
, $\mathrm{m}\mathrm{o}\mathrm{d} p$ Galois
$\rho_{E,p}$ : $\mathrm{G}\mathrm{a}\mathrm{l}(\overline{\mathbb{Q}}/\mathbb{Q})arrow \mathrm{A}\mathrm{u}\mathrm{t}(E[p])\cong \mathrm{G}\mathrm{L}_{2}(\mathbb{Z}/p\mathbb{Z})$
4.2 ,
$\#$ { $D \in S(X)|(\frac{D}{p})=\epsilon$ , $|$b(D) $|_{p}=1$ } $\gg\frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$
. 3.1 , $p$ $|b(|D|)|_{p}=1$ ,




. $p$ 5 $E$ $p$ good ordinary reduction ,
$p\equiv 1\mathrm{m}$od4 . ,
j-{D $\in S(X)|\lambda_{E_{D_{1}}p}^{\mathrm{a}\mathrm{n}\mathrm{a}1}=$ u$E_{D},p\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{J}=0$ } $\gg_{\mathrm{P}}\frac{\sqrt{X}}{1\mathrm{o}\mathrm{g}X}$
.
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